We identify all uniform limits of polynomials on the closed unit disc D with respect to the chordal metric χ on C ∪ {∞}. 
Introduction
In this article we consider χ the chordal metric in C ∪ {∞}, where C denotes the complex plane. First we investigate the set of uniform limits on the closed unit disc D of the polynomials with respect to the metric χ. [2] ). In fact if f ∈ U , then it is impossible to have a finite (in C) limit lim
f (z) ( [3] ).
The definition
We consider the open unit disc D = {z ∈ C : |z| < 1} in the complex plane C and we fixe w ∈ C ∪ {∞}. We are looking for the usual uniform limits on the closed unit disc D = {z ∈ C : |z| ≤} of rational functions whose poles in C ∪ {∞} are included in {w}. For w = ∞ we are looking for the usual uniform limits on D of polynomials P (z) = N n=0 a n z n , a n ∈ C, N = 0, 1, 2, . . . . It is well known that the set of such limits coincides with the disc Algebra A(D) = {f : D → C, continuous on D and holomorphic in D}. If w ∈ C, |w| > 1 we are looking for the usual uniform limits on D of functions of the form P (z) = N n=0 a n 1 (z−w) n , a n ∈ C, N = 0, 1, 2, . . . . Then the set of such limits ia again the disc Algebra A(D).
If w ∈ C, |w| ≤ 1, the function P (z) = f (z) satisfies f (w) = ∞, with w ∈ D or f is constant. Looking for uniform limits with respect to the Eucledian metric in C ∼ = R 2 we exclude the cases f (w) = ∞, so the set of such limits should be the set of constant functions g(z) = c for all z ∈ D with c ∈ C. The answer is not satisfactory, because the set of limits does not contain the trivial cases of constant sequences as f n (z) = 1 z−w , n = 1, 2, . . . . Such a sequence should converge to the function f (z) = 1 z−w ; but, this is excluded, because it takes the value ∞ in z = w ∈ D. This leads us to search for the uniform limits of the rational functions with poles in C ∪ {∞} included in {w} with respect to the chordal distance χ on C ∪ {∞}.
We have
and χ(z, ∞) = 1 1 + |z| 2 for z ∈ C and χ(∞, ∞) = 0.
Geometrically, we identify C ∪ {∞} with S 2 ⊂ R 3 via stereographic projection and χ is a constant multiple of the restriction on S 2 of the usual Eucledian metric in R 3 .
If f n , f : E → C∪{∞}, n = 1, 2, . . . are functions defined on a set E, then f n → f uniformly on E, with respect to the metric χ if and only if, sup
as n → +∞. With this convergence in mind, we must reexamine the cases w = ∞ or w ∈ C, |w| > 1, as well.
Suppose w = ∞. Assume that a sequence of polynomials f n n = 1, 2, . . . converges to a function f : D → C ∪ {∞} uniformly on D with respect to χ. Since uniform convergence preserves continuity, it follows that f is continuous when C ∪ {∞} is endowed with the metric χ. Suppose that f (z 0 ) = ∞ for some z 0 , |z 0 | < 1. Then for some r > 0 small we have χ(f (z 0 ) = ∞, f (z)) < 1 3 for all z : |z − z 0 | < r. Since f n → f uniformly with respect to χ, there exists n 0 so that χ(f n (z), ∞) < 1 2 for all n ≥ n 0 and all z : |z − z 0 | < r. Thus, f n (z) ∈ C − {0} for all n ≥ n 0 and z : |z − z 0 | < r. Since f n is holomorphic in C, being a polynomial, it follows that 1 fn is holomorphic in the disc {z : |z − z 0 | < r}. As χ
for all z : |z − z 0 | < 4 and n ≥ n 1 , for some n 1 ≥ n 0 . Thus, there exist M < +∞ so that 1 fn(z) < M and 1 f (z) < M for all n ≥ n 1 and z : |z − z 0 | < r. It follows easily
·C for all n ≥ n 1 with C < +∞.
Thus, the sequence of holomorphic mappings 1 fn , n ≥ 1 converges uniformly on {z : |z−z 0 | < r} to by continuity. Since D is connected, it follows f ≡ ∞. Reversely, for P n (z) ≡ n the limit is ∞. So the constant infinity function is one possible limit. If f is not identically equal to ∞ and f is a possible limit, then f (D) ⊂ C and the value ∞ is possible only on the boundary ∂D = T where T = {z ∈ C : |z| = 1} is the unit circle. It is also easily seen, by the previous discussion, that f n → f uniformly on compact subsets of D with respect to the usual Eucledian metric in C = R 2 . Thus, f is holomorphic in D. a n j z j , a n j ∈ C, N n ∈ {0, 1, 2, . . .} so that f n → f uniformly on D with respect to the metric χ.
Proof. Let ε > 0. Continuity of f on the compact set D implies uniform continuity with respect to the metric χ. Thus, there exists r, 0 < r < 1, so that χ(f (z), f (rz)) < ε 2 for all z ∈ D. We consider the Taylor development of f in D with center zero
The convergence is uniform on {z : |z| ≤ r} with respect to the usual Eucledian metric in C = R 2 . Thus, there exists N so that
, for all τ with |τ | ≤ r.
The triangular inequality implies χ(f (z), P (z)) < ε for all z ∈ D where P is the polynomial P (z) = N j=0 a j r j z j . This completes the proof. Then, Hurwitz Theorem implies that f (D − {w}) ⊂ C. We already used this fact which states that the limiting function f can not take the value ∞ at an interior point where the approximating functions take finite values, unless f ≡ ∞. Since f is holomorphic in D − {w}, then there exist unic functions f 1 and f 2 so that f = f 1 + f 2 on D − {w}, f 1 is holomorphic in D and f 2 is holomorphic in C {w} and satisfies lim z → ∞ f 2 (z) = 0. This follows using the Laurent decomposition of f with center w; see also [4] . If 0 < r 1 < r 2 are such that {ζ :
Suppose P n 1 z−w → f (z) uniformly on D with respect to χ, where P n are polynomials. Since f takes finite values on {ζ : |ζ − w| = r 2 } whose set is a compact set not containing ∞, it follows easily that P n 1 ζ−w → f (ζ) uniformly on {ζ : |ζ − w| = r 2 } with respect to the usual Euclidean metric on C = R 2 . It follows that
But the left hand side coincide with the constant term of the polynomial P n . So f 1 is constant on {z : |z − w| ≤ r 1 } and on D by analytic continuation and continuity.
Thus, f 1 (z) ≡ c ∈ C. The function f 2 coincides with the principal part of the Laurent development of f with center w. w is a pole or a removable singularity for f . If w is a pole for f , we conclude
If w is a removable singularity for f we conclude f 2 ≡ 0. This completes our investigation in the case |w| < 1. It remains the case |w| = 1. In this case the functions f ≡ ∞ or f (z) = P Proof. If c ∈ C, then the result follows by Privalov's Theorem ( [5] page 84) applied to the function f − c. Let c = ∞. Then, by uniform continuity of f with respect to the metric χ, there exists θ 1 < θ 2 < θ 1 + 2π and r, 0 < r < 1, so that f (z) = 0
There exists a Riemann mapping F : D → L 0 with F ′ ∈ H 1 , because ∂L is rectifiable ( [6] page 44). For the length of E, |E| > 0, we have |E| =
Thus, F −1 (E) is a compact subset of T = ∂D with positive length and the function
Proposition 3.2. Let E ⊂ T = ∂D be a compact set with zero length. Then, there
Proof. It is well known ( [7] page 81) that there exists g ∈ A(D), such that,
If a compact set E ⊂ T = ∂D has positive length, then it is not a compact of
Question: Is it true that every compact set E ⊂ T = ϑD with zero length is a compact of interpolation for A(D)? That is, is it true, that, for every continuous function h : E → C ∪ {∞} there exists f ∈ A(D) so that f |E = h? Furthermore one could ask for a characterization of compact sets E ⊂ D which are of interpolation for
A(D).
We notice that for f, g ∈ A(D) we do not have in general sup
) · C for any constant C < +∞ independent of f and g. In fact, even if we fix r, 0 < r < 1, there is no constant C < +∞ so that sup
. To see this we set g ≡ ∞ and f n (z) = nz.
However, we have the following.
Proof. If f ≡ ∞ or g ≡ ∞, then the result follows from Proposition 3.1. We assume f ≡ ∞ and g ≡ ∞. Proposition 3.1. implies that the set E = {ζ ∈ T : f (ζ) = ∞} is a compact set with zero length. Since f (ζ) = g(ζ) for all ζ ∈ T we conclude that the function f − g, which takes finite values in D and is holomorphic in D, extends
Since T E contains a compact set with positive length, it follows by Privalov's Theorem ( [5] , page 84) that f (z) ≡ g(z) on D and by continuity on D.
The proof is complete.
Furthermore the mean value property f (0) = 1 2π 2π 0 f (e iϑ dϑ does not hold for all ) . Thus, the mean value property is not valid. Even if we interprete the integral as a principal value we have:
f (x + iy)dxdy is neither valid for all
However, in polar coordinates, the iterated integral
rdr is equal to f (0) for all holomorphic functions in D. I also think that for every
f (e iϑ )(1 + G(e iϑ ))dϑ does not hold for all f ∈ A(D), f ≡ 0, but I do not have a proof.
Topological properties of A(D)
In the disc algebra A(D) = {f : D → C continuous on D and holomorphic in
Thus f n (z 0 ) ∈ C for all n ≥ n 1 for some n 1 . On a compact neighborhood V z 0 of z 0 in D we find |f (z)| ≤ M for some M < +∞ and for all z ∈ V z 0 where V z 0 is a compact neighborhood of z 0 included in V z 0 .
We set ε = 1 2 χ(∞, {a ∈ C : |α| ≤ M }) > 0. Then, the set {β ∈ C ∪ {∞} : χ(β, {a ∈ C : |α| ≤ M }) ≤ ε} is compact and does not contain ∞. But every compact subset of C is bounded (in Eucledian distance). So there exists M ′ , M ≤ M ′ < +∞, so that, χ(β, α) ≤ ε for some α with |α| ≤ M implies |β| ≤ M ′ . Thus, there exist n 1 so that
. So f n → f uniformly with respect to Eucledian distance on
for all z ∈ U z , and n ≥ n 3 . The triangular inequality implies χ(f n (z), ∞) < 2 3 for all z ∈ U z , and n ≥ n 3 . This implies |f n (z)| > 
is a compact subset of C and does not contain ∞. Let f n ∈ A(D) and f ∈ A(D) be such that f n → f uniformly on D with respect to the Eucledian metric in C = R 2 . Since χ(α, β) ≤ |α − β|, it follows that f n → f in
A(D).
Reversely, let g n ∈ A(D) and g ∈ A(D) be such that
is a compact subset of C, we find |g(z)| ≤ M for all z ∈ D and some M < +∞. By an argument already used several times we have |g n (z)| ≤ M ′ for all z ∈ D and n ≥ n 5 for some n 5 and M ′ , M ≤ M ′ < +∞. Thus, the convergence g n → g in A implies the
(D). This proves that the relative topology of A(D) from

A(D) coincides with the usual topology of A(D).
In [8] we consider any Hausdorff measure function h. We follow the notations of 
Proof. After the previous discussion, it remains to prove that this set is G d in A(D).
We follow the notation of [8] , especially of the first part of the proof of Theorem 3.1 of [8] . We consider the sets
S N is our set, it suffices to show that S N − {f ≡ ∞} is open. Since the singleton {f ≡ ∞} is a G δ , the result would follow, because the union of two G δ sets is again a G δ set.
Let f ∈ S N (f ≡ ∞); thus, there exists a countable collection of discs D m so that 
We consider a finite set of disjoint open intervals (α i , β i ) i = 1, . . . , n, α 1 < β 1 < α 2 < β 2 < · · · < α n < β n < α 1 + 2π and an r, 0 < r < 1 so that
{e iϑ : So it suffices to find ε > 0, so that sup
.
We set ε = 1 2 min ε 1 ,
, χ(f, ∞) > 0. We can easily verify that, if g ∈ A(D) is such that χ(f, g) < ε, then, g ≡ ∞ and for every z ∈ D S we have |f (z) − g(z)| < Next we consider the sets A(D) .
G. Costakis pointed out that X is closed in A(D). In fact Y is also closed in A(D). It suffices to show that A(D) Y is open in A(D).
Proposition 4.4. Y is closed in
Since f (T ) is a compact subset of C ∪ {∞}, we find ε > 0 so that χ(f (z 0 ), f (T )) > ε.
Let r > 0 so that {z :
Since f is non-constant we may choose r ′ : 0 < r ′ ≤ r so that
subset of C, we find ε ′ , 0 < ε ′ < ε, so that χ(f (z), w) < ε ′ for some z : |z − z 0 | = r implies |f (z) − w| < δ. We will show that if g ∈ A(D) and sup
It suffices to show that f (z 0 ) ∈ g(D) g(T ). Since, for every e iϑ ∈ T we have
We also have
Rouche's lemma implies that f (z 0 ) ∈ g(D). This completes the proof.
A(D) Y contains every non-constant polynomial. Now every constant a ∈ C is the limit in A(D) of the sequence P n = a + We do not know if W = ∅. If it is true that every compact set K ⊂ T with zero length, is a compact of interpolation for A(D), then we can show that W = ∅.
We consider K 1 ⊂ T a compact set of Cantor type with length 0. K 2 ⊂ T is disjoint from K 1 , it is a compact set of Cantor type with length 0, which is contained in the middle third in the first level of the construction of K 1 . K 2 has as middle point the middle point P of K. K n+1 ⊂ T is a compact set of Cantor type with zero length, disjoint from all K 1 , . . . , K n , lying in the middle third in the first level of construction of K n and with middle point P .
This set is compact with zero length. So, we assume that it is of interpolation for A(D). There exist continuous maps
We consider the maps thus h(K) = C ∪ {∞}. By assumption there exist f ∈ A(D) so that f |K = h.
Further results and open questions
One open question is if Mergelyan's Theorem extends to our case. That is, to investigate the set of uniform limits with respect to the distance χ of polynomials on a compact set L ⊂ C with L c connected.
The question is if the limits are exactly the continuous functions f :
holomorphic. We notice that, it is possible so that for one component we have the first alternative, while for another component we may have the second alternative. The
general case is open. We just give an affirmative answer in a few particular cases. For the proof we may assume z 0 = 0. Then we imitate the proof on L = D. The difference is that when we approximate f on the compact set rL, with 0 < r < 1, we cannot use a Taylor development of f , but we can use the classical Mergelyan's Theorem. The approximation is uniform on rL with respect to the Eucledian distance on C = R 2 ; since χ(α, β) ≤ |α − β| for all α, β ∈ C, this implies approximation uniform with respect to the distance χ.
Under the assumptions of Proposition 5.1., if w ∈ C L, then the uniform limits on L by functions of the form P 1 z−w , where P is any polynomial are the same with those given by Proposition 5.1.. The difference in the proof is, when we apply Mergelyan's Theorem to do approximation of f on rL, 0 < r < 1, then we choose as pole rw / ∈ rL and not ∞.
Next we consider the analogue problem on an annulus. Without loss of generality we may assume that this annulus is Ω = D(0, r, 1) = {z ∈ C : r < |z| < 1} with 0 < r < 1. In the proof, if the sequence of polynomials P n converges uniformly on D(0, r, 1) with respect to χ to f ≡ ∞, then f {z : r < |z| < 1} ⊂ C and f is holomorphic in {z : r < |z| < 1}. So there exists M < +∞, so that |f (z)| < M on |z| = r+1 2 . Because χ(P n , f ) → 0 we find M 1 : M < M 1 < +∞ and n 0 so that |P n (z) < M 1 for |z| = 1+r 2
and n ≥ n 0 . For |a|, |b| < M 1 we have χ(α, β) ≥ |al−β| 1+M 2
1
; So P n → f uniformly on |z| = 1+r 2 with respect to the usual Euclidian metric on C = R 2 . Thus, the sequence P n , n = 1, 2, . . . is uniformly Cauchy on |z| = r+1 2 with respect to the Eucledian metric in C. The maximum principle implies that the sequence of polynomials P n is uniformly Cauchy on |z| ≤ r+1 2 . Its limit is a holomorphic extension of f , so finally f ∈ A(D). It is remarkable that the value ∞ is not permitted on |z| = r, unless f ≡ ∞.
If we wish to investigate the analogue problem on D(0, r, 1), 0 < r < 1 using functions of the form P 1 z−w where P is any polynomial and w ∈ C fixed, then the answer is the following.
If |w| > 1 then the possible limits are f ∈ A(D). The proof is the same as in the case of polynomials.
The case |w| < r is reduced to the previous one by an inversion. The possible limits are f ≡ ∞ or f : {z : r ≤ |z|} → C ∪ {∞} continuous with f ({z : r < |z|}) ⊂ C and f holomorphic in r < |z| and lim
In the case r < |w| < 1, the limits are exactly f ≡ ∞ or f (z) = P 1 z−w with P any polynomial. The argument in the proof uses Cauchy transforms as in § 2. In the case |w| = 1 or |w| = r I do not know the answer.
For r = 1, I do not know the answer to the analogue question of finding the uniform limits on T = {z ∈ C : |z| = 1} with respect to χ of all polynomials.
Finally we may consider Ω = D(0, r, 1) 0 < r < 1 and searching for the limits using two poles. There are 5 cases {∞} ∪ {w ∈ C : |w| > 1}, {w ∈ C : |w| = 1}, {w ∈ C : r < w < 1}, {w ∈ C : |w| = r}, {w ∈ C : |2| < r}. So the number of possible locations of two poles w 1 , w 2 is 5 2 = 10. In some of these cases the author does not know the answer, but in some other cases we know the answer.
If we use the poles w 1 = ∞, w 2 = 0 then we approximate by functions of the form For the proof we use Laurent expansion and we approximate in χ metric separately the principal part and the regular part. Next we need a lemma of the following form. χ(g n (z), g(z)) → 0.
Then f + g is well defined with values in C ∪ {∞} and
For the proof of the lemma it is essential that f −1 (∞) ⊂ {z : |z| = 1} and g −1 (∞) ⊂ {z : |z| = r}; so the compact sets f −1 (∞), g −1 (∞) are disjoint.
We fix ε > 0 and we are looking for n 0 so that sup
We obtain that there exist a constant M < +∞ so that |f (z)| ≤ M for r ≤ |z| ≤ 
We easily find n 1 so that for n ≥ n 1 we have |f n (z)+g n (z)| > M 1 −M −1 on V 1 . We can choose M 1 big enough so that the χ diameter of {∞} ∪ {w ∈ C : |w| > M 1 − M − 1} is less than ε. So, for n ≥ n 1 we have sup
In a similar way we find a relatively open neighborhood
and n 2 so that for n ≥ n 2 we have sup
. One easily finds n 3 so that |f n (z)|, |g n (z)| < M 2 + 1 on
, we see that f n → f and g n → g uniformly on D(0, r, 1) (
with respect to the Eucledian metric in C = R 2 . Thus, f n + g n → f + g uniformly on D(0, r, 1) (V 1 ∪ V 2 ) with respect to the Eucledian metric in C = R 2 . Since χ(α, β) ≤ |α−β|, it follows that f n +g n → f +g uniformly on D(0, r, 1) (V 1 ∪V 2 ) with respect to χ metric. Thus, there exists n 4 , so that sup
We set n 0 = max(n 1 , n 2 , n 4 ) and we have the result.
The limiting case r = 1 of the previous result is quite different. Assume there exists z 0 ∈ T so that f (z 0 ) ∈ C. If f (z) = ∞ for all z ∈ T , then f : T → C being continuous it can be approximated by a trigonometric polynomial Q so that sup
It remains to examine the case f (z 0 ) ∈ C and f (z 1 ) = ∞ for some z 0 , z 1 ∈ T . We consider M < +∞ so that the χ diameter of the set E = {∞} ∪ {z ∈ C : |z| ≥ M } is less than (α n , β n ) = V where α 1 < β 1 < α 2 < β 2 < · · · < α L < β L < α 1 + 2π and |f (e iαn )| = |f (e 9βn )| = M for all n = 1, . . . , L. We define a new function g : T → C setting g(e iϑ ) = f (e iϑ ) for e iϑ ∈ T V . For each n = 1, . . . , L we choose g |{e iθ :θ∈(αn,βn)} : {e iθ : θ ∈ (α n , β n )} → {z ∈ C : |z| = M } continuous so that lim The triangular inequality gives the result.
So in particular the extension of Mergelyan's Theorem is valid for the union of two disjoint closed discs. What happens for the union of a sequence of pairwise disjoint closed discs converging to one point P in C? The difficulty is when f (P ) = ∞.
